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Introduction

We would like to analyze data that is massive, high-dimensional, and/or complex.

Perspective H Machine learning

|

Statistics

Foundation || Concentration principle (LLN) Likelihood principle

Approach risk minimization (model-free) maximum likelihood estimation (model-
based)

Goal prediction, generalization consistency, model selection, understand-

ing/explaining

Definition 0.1 (General principles). The following are rough descriptions of three important principles.

1. Likelihood principle. Everything is model-based. This allows us to derive theory, such as asymptotic
theory. It also provides the sufficiency principle (data reduction) which helps cope with massive data.

2. Concentration principle. We assume that data are noisy signals, and we want to recover the signal
given the data. This inverse problem can be approached due to the concentration phenomena, which,
loosely speaking, states that averaging over many samples gets rid of the noise. See the law of large
numbers (Theorem 1.6).

3. Regularization/parsimony principle. If two explanations are equally good at explaining a phe-
nomenon, we prefer the simpler one. We always seek dramatically simplified models to analyze complex

data.

Warning: Many techniques that are good for “big” data may not be good for “small” data, e.g. the
Naive Bayes classifier.
Warning: All the simple models that we use are wrong; true models are complex. However, simple models
may still be useful for inference, prediction, etc.



1 Theoretical foundation

1.1 Statistical models and parameter spaces

Definition 1.1. A statistical model P is a set of probability distributions indexed by a parameter space
0.
P :={py:0 €O}

A statistical model is called a parametric model if it can be indexed by a finite-dimensional parameter
space ©. If no finite-dimensional parameter space can index the model, then it is called a nonparametric
model.

Example 1.2 (Gaussian model).

1 (@—mw)?
P = {plmﬂ(x) = st k€ R,0% > 0}.

Here, 0 = (u,02)T € © :== R x Ry, so this is a parametric model.

Example 1.3 (Sobolev space).
P = {p(x) continuous density and /p”(t)2 dt < oo}.
This is a nonparametric model.

1.2 Limit theorems

Definition 1.4. A sequence of random variables (X,,), is said to converge in probability to a random
variable X if for any ¢ > 0,
lim P(|X,, — X| >¢) =0.

n—oo

We denote this by X, £, x.

Definition 1.5. A sequence of random variables (X,,), (with corresponding cumulative distribution func-
tions Fl, ) is said to converge in distribution to a random variable X (with cdf Fy) if for every = at
which Fx is continuous,

lim Fx, (z) = Fx(x).

n—oo

We denote this X, Dx.

Theorem 1.6 ([Weak] Law of Large Numbers). If X1,...,X, are i.i.d. random variables with expectation
w, then

_ 1 & p
n; — E[X;]=p asn— o0

Theorem 1.7 (Central Limit Theorem). If Xi,...,X,, are i.i.d. random variables with expectation p and
variance o2, then

X, — 4

\/ﬁ( )i/\/(o,l) as n — oo.

1.3 Estimation theory

Definition 1.8. In point estimation of a parameter, we are given i.i.d. random variables Xi,..., X,
that follow a distribution pg, and want to find a single best guess (estimate) for . An estimator is a
rule for computing an estimate, given random samples Xy, ..., X,,. We treat the estimator as a function of
X1,..., X, (so it is a random variable), and denote it 6,,. We sometimes also let “estimator” refer to the

-~

sequence (0,,), as well.



Definition 1.9.

e An estimator (gn)n is consistent if gn Ny}

e An estimator (é\n)n is unbiased if E[é\n] = 0 for all n. Otherwise, the bias of an estimator is E[@n] —0.
Proposition 1.10. Neither consistency nor unbiasedness imply each other.

Proof. Let X1,...,X, be iid. following the distribution A(u,1), and consider estimation of . The
estimator [i,, := X is unbiased, but not consistent. On the other hand, the estimator ji,, := ﬁ S X s
consistent, but not unbiased.

1 n
IP><M_71+112:Xi

n+1 1
<IP’< - N—g;Xi >E>
§P<u—;zn:Xi >5/2> for large n such that |u|/n < e/2
i=1
— 0. as n — 0o
O
Proposition 1.11. If an estimator (§H)7, is consistent', then lim,_, oo IE[@L] = 0. For this reason, we

sometimes say consistent estimators are asymptotically unbiased.

We will see throughout the rest of the course that unbiasedness does not necessarily make an estimator
good.

1.4 Likelihood-based estimation
Definition 1.12. The likelihood function of § with respect to the random sample X is

Although L is a function of X; and 6, we typically keep X fixed and think of it as a function of #. Nonetheless,
it is still a random quantity because X; is a random variable.

Definition 1.13. The joint likelihood function of # with respect to the entire set of random samples
Xl, ey Xn is
L,(0) :=po(X1,...,Xn).

Note that this definition involves a general joint distribution of the random samples. In the special case
where the samples are i.i.d. following distribution py, then we have

L,(0) = Hpe(Xi)-

Definition 1.14. The joint log-likelihood of 6 with respect to X1,..., X, is
((6) = log(L(0)).

Again, if the samples are i.i.d., then

(o) = Zlog(pe(Xi))-

1Some other conditions are required. A uniform bound on variance of the 8,, suffices.



Because the logarithm is an increasing function,

argmax L, (0) = argmax £(0).
) 0€o

Definition 1.15. If an estimator 8 satisfies £,,(6,) > L£,(8) for any 6 € ©, then we call it a maximum
likelihood estimator (MLE). Note that the MLE may not be unique, but in most cases it will be. If the
likelihood function attains a unique maximum (over 8 € ©), we denote it by

0, = argmax L, (0).
0co
Example 1.16 (MLE of Gaussian distribution). Suppose X1, ..., X, ~ N (u,0?) arei.i.d. random variables,
with 2 € R and 02 > 0. Again, 0 = (u,0?) .

Ln(0) = Hpe(Xi) = (2m0®) "2 exp(—%; (Xi — M)2>

(0) = 3 log(po(X,)) = 5 Tog(2mo) = 5 > (X — )

We want to maximize £(0). Because of the nature of this particular expression for £(6), we may hold o2
fixed and maximize with respect to u first. This reduces to minimizing Z?:l (X; —u)?. Taking the derivative
with respect to p and setting it equal to zero gives 0 = —2"" | (X; — p). Solving gives

which is the sample mean.
Knowing this, we can hold p fixed at i and maximize ¢(f) with respect to o2 > 0. The derivative with

respect to o2 is
n 1 & —
——t —= X; —X)2.
202 + 2(02)2 ;( )

Setting this equal to zero and solving gives

Note that this is slightly different than the sample variance s? := ﬁ > (X;—X)?. The sample variance
52 is unbiased?, so 52 is biased. This shows that the MLE is not necessarily unbiased.

We are interested in the MLE because it gives a “unified” treatment to construct estimators that are
“good” in some sense. It is not necessarily the “best” estimator, but in the “big data” regime (large n), it
is not bad.

2 If 4 and o2 are the true parameters, then

Els?] = —— D E[(X; — X))

1

n—1

=1
i(E[xﬂ — 2E[X;X] + E[X7])
=1

— 771? IJE[X%] o1 i I (E[Xf] +(n — 1)“2) + n(nl_ 5 (nE[Xf] Fn(n— 1)“2) Lid.
= E[X7] - p°
=02,



Definition 1.17. Given a statistical model {py : @ € ©} indexed by 6 such that log pe(z) is twice differen-
tiable with respect to 6, the Fisher information is defined by

110) = ~Ea| 0w (0| = = [ (55 108n(0) ot .

One can think of the Fisher information as the “expected curvature” of log ps(X). As we can see below,
a higher curvature corresponds with higher confidence that we have maximized log pg(X), which results in
a lower variance in the limiting distribution.

Theorem 1.18 (Asymptotic normality of MLE). Let 6 be the true parameter. Under certain conditions,

the MLE s asymptotically normal, i.e.,
~ 1
Vn(OMEE gy 2, J\/'(O7 1(9)> as n — 0o,

where 1/1(0) denotes the inverse of the matriz 1(6).

In addition, the variance of any unbiased estimator is at least as high as that of the MLE. That is, if 0
s an unbiased estimator, then in general we will have \/ﬁ(gn —0) EN N(0,T) as n — oo for some I'; then
r>1/1(9).

o~ o~

When applying this theorem, we often use I r 1(#) in place of I(6), since # is unknown.

log pe ]

0=0,,

[ "
;LZE: [892 log po(X. )]

0=0,

1.5 Likelihood-based model selection

Suppose we have i.i.d. random variables Xi,..., X, that follow a completely unknown distribution.
Assume we have K candidate models

My = {py) ()}
Mic = {pi) (@)}

For example, M; could be a family of Gaussian distributions, Ms could be a family of Poisson distributions,
and so on. Our goal is to choose the model that “best” fits the data (even though it is possible that none of
the models are “correct”).

Definition 1.19 (Akaike Information Criterion (AIC)). The AIC score for model My, is

AIC(k) = —2logp) (X1, ..., Xp) + 2di,
k

where é\k is the MLE under model My, and d;, is the number of “free parameters” in Mj,. The AIC criterion
selects the model with the lowest AIC score.

The first term in the AIC score rewards the fitness of the model, while the second term penalizes the
complexity of the model. It turns out that the AIC criterion chooses the model that minimizes the Kullback-
Leibler divergence with respect to the true joint density.

3The certain conditions are that I(§) > 0 for all §, and that the first derivative I’() is continuous.



Definition 1.20. If f and g are densities, the Kullback-Leibler divergence (KL divergence) of g from

f is defined to be
D(flo) = [ 1o LS a

We also have D(f|lg) > 0 (Gibb’s inequality, follows from Jensen’s inequality), with equality if and only if
f = g. However, the KL divergence is generally not symmetric.

Proposition 1.21. The AIC criterion chooses the model that minimizes D(f*Hpé\k)), where f* is the true
k

density.
Proof sketch.
DY) = [ £ @)og £ (@) do — [ (@) togpl) (o) de
argmin D(f*||p§ )= argmin {— / () 1ogp(A )(@) dx}
k k k
= argmafo [logp(k)( X))
%,_/
—.J(k)

Let J(k) := + Ly llogp(A )(XZ-). By the law of large numbers (Theorem 1.6), J(k) i J(k) as n — oo.

>||'

However, J(k) is highly biased because we use the data once to produce the MLE é\k, and a second time to
compute J. Akaike proved that the “bias” is approximately dj/n. To correct this, we define

T = L3t x - B = AOE),

: n
i=1
O

Unfortunately, AIC requires many assumptions (in Akaike’s proof) and works only for large n.
One way to avoid this issue is data splitting, in which we partition the data into two subsets D; and
Ds, get MLEs 01, .. 9K based only on D;, and pick the model that minimizes

DS(k) := — gp(k)
\D | ;

This setup is unbiased because we do not use the data twice as in the AIC criterion.

Going one step farther, we have cross-validation, in which we partition the data into subsets D1, ..., D}.
We define
CV;(k) = - |D | > o gp
i€D;

where 6y, is the MLE based on D \ D;. We then choose the model that minimizes

J
CV(k) = % SOV (h).

Definition 1.22 (Bayesian Information Criterion (BIC)). The BIC score for model My, is
BIC(k) := —2log pt” (X1,..., X,,) + (log n)dy.
k

The BIC criterion selects the model with the smallest BIC score.



Note that the BIC score is simply the AIC score but with the second factor of 2 replaced by logn. This
is a harsher penalty on the complexity of a model; in general BIC selects simpler models than AIC does.
The intuition for the BIC comes from the Bayesian approach.

]P)(Xlzn | M])P(M])

PM; | X1.) = Bayes’s f 1
(M | X1n) P(X1om) ayes’s formula
One example of a prior distribution is the uniform prior P(M;) = -+ = P(Mf) = -. In this case, the only
relevant term is P(X1., | M;).? It turns out that the BIC score satisfies
P(M | Xl:n) .
2log ——2—"% ~ BIC(k) — BIC(j).
8B M, [ K1) () ()

In applications, we use AIC and cross-validation if we care more about prediction, and we use BIC if we
care more about explanation or finding the “true” model. Adding junk features to the model may give AIC
more predictive power even though in reality they may not have any real influence.

1.6 Sufficient statistics

Sufficient statistics are an effect approach to deal with massive data.

Definition 1.23. Data reduction is the process of minimizing the amount of data needed to be stored to
do inference. There are two types of data reduction.

a) lossless (sufficient statistics, used for large n)
b) lossy (dimensionality reduction, used for large d)

Example 1.24. Let X;,..., X, ~ N(y,0?) be ii.d., and suppose we want to estimate (u,0?). To find the
MLE, we only need the first and second moments X := %Zl X; and % >, X7, since

fn=X,
TS P o LI SIS S PP S ol L o bl B
n 1 n - 1 n - ? n - 7 .
Definition 1.25. A statistic 7'(X;.,,) is a function of the random samples X7.,,. A statistic is a sufficient

statistic for the parameter 6 if the conditional distribution Xi., | T(X1.,) does not depend on 6.

In some sense, a sufficient statistic T'(X7.,) contains all the information about € that Xi., has. Note
that the trivial statistic T(X1.,) := X1.,, is always sufficient.

Note that in the continuous case, we need Radon-Nikodym derivatives to justify using the density func-
tions.

Example 1.26. If Xy,..., X, ~ N(u, 1) be i.i.d., we claim that T(X1.,) := X is sufficient.

4This term is not quite the likelihood; it is actually the expected likelihood.

P(X1m | M;) = /]P’(Xlzn | 65, M;)P(6; | My)dPy; .



Note that X ~ N (i, 1/n).

P(Xin = 210, T(X1in) = T(21:0))

p(T(Xlzn) = T(xlzn))
P(Xim = T1:0)

p(T(X1:n) = T(z1:0))

_ [[ p(X; = )
p(X =7)

0 e = )

Ten( - 1)

T —n/2
— (2\/)Texp<—12(xi —a:)2>,
27 7

P( X1 = 210 | T(X1n) = T(21:0)) =

[\

where the last equality is due to

—Z )2 4+ n(T — )2+2(§—M)Z(xi—f)
—Z ; +nx—,u)2.

The density function for the conditional distribution does not depend on p, so X is indeed a sufficient
statistic.

Although the definition gives us a way to verify if something is a sufficient statistic, it does not provide a
method to find sufficient statistics. The following theorem gives an equivalent characterization of sufficient
statistics.

Theorem 1.27 (Fisher-Neyman Factorization Theorem). Let pg(X1.,) be the joint density/mass function
of random samples X1,...,X,. A statistic T(X1.,) is sufficient for parameter 0 if and only if there exist
functions gy (may depend on 6) and h (free of 8) such that for all empirical realizations 1., and all 8, we
have

p&(xl:n) = gO(T(xln)) . h(xln)

Proof. We will only prove one direction. Suppose T'(X7.,) is sufficient. We define

9o(t) == po(T(X1:n) = 1),
(t) (Xlzn = T1:n | T(Xln) = T(xln))

Note that h(t) is free of @ because T(X7.5,) is a sufficient statistic. Then,

Po(X1:n = T1:m) = h(21:0) - 9o (T (21:0))-

Example 1.28. Let Xy,...,X,, ~ N (y,1) be i.i.d., and suppose we are doing inference on p.

Pu(@10) = (27) 7"/ exp<—§ S, - u)2> = (2m) /2 exp(—i > —x>2> exp(—§n<m— u)2> .

i

h(Ilzn) gu(f)

Definition 1.29. A sufficient statistic is minimal if it can be represented as a function of any other sufficient
statistic.



Definition 1.30. The sufficiency principle states that a sufficient statistic contains all information from
the data relevant to inference about 6.

Definition 1.31. The likelihood principle states that the likelihood function contains all information
from the data relevant to inference about 6.

Note that the Fisher-Neyman factorization principle shows that if we assume the likelihood principle,
then the sufficiency principle follows.



2 Predictive analysis (supervised learning)

Predictive analysis techniques analyze current and past data in order to make predictions about the
future. A rough overview of a typical predictive analysis process is as follows. Given training data
(Y1,X1),..., (Y, Xn), build a prediction function f, then given a new observation xz, predict § := f(x).

Two learning tasks are prediction (given new z predict y) and variable selection (find a small subset
of predictors that keep the most predictive power).

2.1 Regression

Regression analysis is the art of summarizing the relationship between two variables X and Y. Given
observed data (Y1, X1),...,(Yn, Xy,) ~ Py, x, we want a function f such that f(X) is “close” to Y.
First, we need to identify the notion of closeness. Some examples of loss functions are L! loss

L(f(X),Y) = |f(X) - Y|7
and L? loss
L(f(X),Y) = |f(X) = Y[”.
We will primarily study L? loss here because it is mathematically simple and statistically justifiable (see
below).
Second, note that the loss is still a random quantity. We define the risk function by
R(f) := Epy [L(f(X),Y)] = E[lY — f(X)[?].
We would like to find f* := argmin; R(f).

Theorem 2.1. The function that minimizes the L? risk is the mean function (a.k.a. regression func-
tion)
J*(@) =E[Y | X =a].

Proof. Define f := E[Y | X = z]. We want to show f* = f.
R(f) =E[Y - f(X)*]
=E[Y — f(X) + f(X) - F(X)]?]
=E[Y - F(X)P] +E[IF(X) = F(X)] +2E[(Y — F(X)(F(X) — f(X))]

=0
= arg}rcnin R(f) = argjrcninIEﬁ(X) —fX)P =7
To show E[(Y — f(X))(f(X) — f(X))] = 0, note that
E[(Y — F(X))(F(X) = f(X))] = Ex[E[(Y — F(X))(F(X) — f(X)) | X]]

— Ex[(F(X) — F(X) E[(Y — F(X)) | X]

=0
O
So, E[Y | X = z] minimizes Lo-loss. To minimize R(f), the expectation is with respect to the true

distribution Py, x. Given data (X1,Y1),...,(X,,Y,), we use the concentration principle to approximate the
population (true) risk R(f) by the empirical risk

~ 1 <
R(f) = - Z(Yi - f(X:)%
i=1
By the law of large numbers, R(f) N R(f) as n — oo.
However, minimizing R(f) is without any further assumptions on f is problematic, as any function f
satisfying f(X;) =Y; for each ¢ will minimize R, regardless of how it acts outside of X1,..., X,.

10



Definition 2.2. Overfitting is a phenomenon that occurs when a statistical model has too many parameters
or degrees of freedom, so that the model not only fits the signal, but also the noise.

One solution is regularization, where we introduce additional constraints to control the degrees of
freedom of a statistical model.

Example 2.3. We can consider functions f(x) := E[Y | X = z] that satisfy one of the following.
e f(x) = BTz, where 3 € R? (linear model)
e f(z) = Poly(x) (polynomial model)
o [ satisfies [(f”(z))?dz < co (nonparametric model)

e f(r) = 872 where many components of 3 are zero (sparse linear model)

2.1.1 Ordinary least squares (OLS) regression
Let X; € {1} x R4~! (the first component is the bias term) and Y; € R. We define

~ 1 n
OLS : E 2
= — i i) -
5 arg;mn n (& 5 X )

i=1
We can rewrite this in vector/matrix notation. Let

Y = (Yh RS Yn)Ta
X = [X;;] e R™Y,

where the first column of X is (1,...,1)T. If we define ||3]|2 = /BT 3, we have
BOLS = argmin|Y — X 3]|3.
B
Let
FB):=|Y —XB|2=Y"Y +8" X" X3 -2V X8.

Then the gradient of F is

IFPB) _ xvTyvg_oxTy —
55— 2XXB-2XTY =0,

B\OLS _ (XTX)_lXTY.

We will assume d < n and that X TX e R is invertible. R
We have defined 595 to be the minimizer of the empirical risk. It turns out that SOUS also naturally
appears as the MLE of the Gaussian noise model

Y=8"X+e e~N(0,0%).

In other words, we assume
P(Y,X) = P(Y | X)P(X)

where

Y| X ~N(B"X, 0%,
X ~ Py,

where Py is an arbitrary distribution.

11



The log-likelihood is

(B, 0%) =Y logps o2 (Yi, X;)

i=1
= logpso>(Yi| X;) + > logp(X,),
i=1 i=1
and the MLE is
B\MLE = argmax /(3, 0%)
B,0?
= argmax » _logpg .2 (Y; | X;)
Bo? i1
1 n
= argﬁmzax lw <;(YZ - BTXi)2> —nlog \/27TJ2‘|
n
= argmin Z(Yz — BT X;)? only concerned with
B

=1

This is the objective function in the definition of BOLS.

2.2 High-dimensional data analysis

High-dimensional data involves data with many features (d > n). When d > n, what happens to
the OLS? The system Y = X[ becomes underdetermined, so there are infinitely many S that perfectly
determine Y = X 3. Also, since rank(X " X) = rank(X) < min{n,d} <n < d and X "X € R¥*? the matrix
X TX is not invertible.

We have various regularization techniques to cope with this issue.

2.2.1 Ridge estimator

The ridge estimator with parameter A > 0 is defined as
Bl — (XTX + Ag) 7' XY,

The matrix X "X + A, is invertible because X " X is positive semidefinite, so adding AI; makes it positive
definite and thus invertible.
Note that the ridge estimator satisfies

pRidser — argéninllY — XBII3 + A8l

Indeed, letting F(B) := ||Y — X313 + \||S]|3, we have
o OF()
op
(X"X +A)B=X"Y
B=XTX+A)'XTY.

= 22X (Y — XB)+2)\3

We can interpret the ridge estimator in yet another way by using Lagrangian duality.

Lemma 2.4. For each A\ > 0, there exists unique t such that

B = argmin|lV — XBI3 s.t. 1913 <t

12



_OLS estimate

Ridge
estimate ~_S

Figure 1: Ridge regression for d = 2. The countour lines for ||Y — X 3||3 are ellipses because the objective
function is quadratic in 8. The minimum of the objective function is the OLS estimate, but we are restricted
to the constraint region |33 < t.

This is a “regularized” version of OLS because there is an additional constraint on the parameter 5. This
interpretation has a simple geometric interpretation, for example see Figure 1.

We typically use cross validation to choose the tuning parameter \: if we select a set of candidates for A
(about thirty or so), each defines a model, so we may perform cross validation to select a model (and thus
a ).

2.2.2 Bridge estimator

The bridge estimator with parameters p € (0,00) and A > 0 is defined as

Bhridee .~ argmin[[¥ — X5 + A,

where ||B|[P := >_,|8:P. Note that the ridge estimator is the bridge estimator with p = 2.
We remark that if 1 < p < oo, then ||-||, is a norm, but if 0 < p < 1, is not a norm (the triangle inequality
fails).

2.2.3 Lasso estimator

The lasso estimator (Least Absolute Shrinkage and Selection Operator) is the bridge estimator with
p =1, defined as
prassor .= argéninllY = XBl3 + Bl

Similar to the case of the ridge estimator, Lagrangian duality implies that for each A > 0, there exists a
unique t such that .
plassoA — argéninHY — X8B3 s.t. |18l <t

See Figure 2 for a geometric interpretation when d = 2.

When d = 2, the lasso estimate tends to be a corner of constraint region, which makes one component
equal to zero. In higher dimensions, the lasso estimate also tends to have several components equal to zero;
this property is called sparsity. Sparsity helps with the task of variable selection and also is aligned with
the parsimony principle.

Consider the different shapes of the constraint regions when p varies (Figure 3).

13



|32 ﬁl

Figure 2: Lasso (left) and ridge (right) regression for d = 2. The countour lines for ||[Y — X 3||2 are ellipses
because the objective function is quadratic in S. The minimum of the objective function is the OLS estimate,
but we are restricted to the constraint regions ||3||; <t and ||8]|3 < t.

10O® 4+~

p=0ox p=1 0<p<l1 p=>0

Figure 3: The constraint region ||3||5 < ¢ when d = 3.

We see that with 0 < p < 1, we have sparsity because the estimator will tend to be on corners or edges
where several components are zero. However, only for 1 < p < oo is the objective function is convex, in
which case we may use convex optimization techniques. The lasso estimator satisfies both these properties,
which is why it is a particularly notable case of the bridge estimator.

Sparsity can help with prediction and cope with noise accumulation. Note that if we have an estimate

B, our prediction function is
d

T) = Z Bﬂ?z
i=1

Each BZ contributes a little bit of noise/error, but when d is large, this accumulates significantly. Sparsity
limits the number of dimensions and helps avoid this issue. One might raise the question that it is bad
to make the assumption that the underlying model is sparse, but even so, the estimator works well for
prediction, even if the underlying model is not truly sparse.

Ridge [ [ Lasso

not sparse < | sparse, good for variable selection

closed form solution: (X' X + ) 'X 'Y | > | optimization: argming[|Y — XBI3 + M8
computationally difficult < | computationally easy (sparsity makes optimization easier)
can handle multicollinearity > | cannot handle multicollinearity

Multicollinearity occurs when predictor variables are highly correlated with each other, meaning that
one can be linearly predicted from the others with reasonable accuracy. Handling multicollinearity is the
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biggest advantage of ridge over lasso.

It is relatively easy to detect the existence of multicollinearity, but hard to determine the cause because
there are too many possible combinations (e.g., two variables are correlated with linear combination of three
other variables, etc.).

Consider d = 2.
11 T1,2

X =
Tn,1l Tn,2

If the two columns of X are highly correlated, the contour plot of ||[Y — X 3||3 is a very “flat” ellipse. If the

contours are “parallel” to edge of the lasso constraint, the system is unstable (small change in A result in big

changes in §), and moreover the estimate may not be sparse. However, ridge regression maintains stability.
The following estimator combines the advantages of ridge and lasso.

Definition 2.5. The elastic net estimator is defined by
pElastie e, arg;ninHY — X813 + Al + (1= )| 8][3)-
Note that when o = 1, we have the lasso estimator, and when a = 0, we have the ridge estimator. By
default, typically use a = 0.63.

Regularization paths show the value of the components of the lasso, bridge, ridge, or elastic net
estimator as function of A. In lasso, variables are sent to zero one at a time, and result in a sparse estimate
when A is large. In ridge, components appraoch zero as A increases, but are never zero. Note that when
A =0, we have the OLS estimate. The elastic net regularization path resembles that of the lasso estimator.

Regularization paths can be used to detect multicollinearity.

1. Set a = 1, fit lasso, visualize regularization path.
2. Set a = 0.6, fit elastic net, visualize regularization path.

3. Compare these two plots, look for any “dramatic” change. If no, then there is probably no multi-
collinearity, so we use @ = 1 to take the full advantage of the lasso estimator. If yes, it is probably due
to the instability of lasso under multicollinearity, so we use o = 0.6 to cope.

4. Then, choose A by cross validation.

The linear model is not as restrictive as it seems. We describe a few methods of moving from linear
models to nonlinear models.

1. Inputs can be transformations of original features. For example, consider

Y o~ Bif(X1) + -+ Baf(Xa),
where f can be the logarithm, square root, square, etc.
2. Inputs can have interaction terms. For example, in addition to Xi,..., X4, we can also include
X1 X0, X1 X3, ..., Xg-1Xy4

as variables. However, we pay the price of adding more variables (bivariate interaction adds ~ d?/2,
trivariate interaction adds ~ d3/6). Including interaction terms naturally transforms the data into
high-dimensional data even if they were not originally so.

3. Inputs can have basis expansions. For example, for each X;, include X2, X3, .. .. If the number of basis
elements is allowed to increase, we enter the world of nonparametric models. For example, can use
polynomial basis to approximate functions in the Sobolev space { fJ(f)?< oo}. Instead of using
f(X) = E?Zl B;X;, we can consider f(X) = ‘;’:1 Bjh;(X). If p — oo, we have a nonparametric
model.

15



Example 2.6 (Tree regression). Let d = 1. Let h;(x) := 1{x < ¢;} for 1 < i < p, where t1,...,t, € R are
given. Then Y = >0, B;h;(X) + ¢ is tree model.

We can also handle situations where the input variable is categorical.

Definition 2.7. A categorical variable is a variable that takes on values from a finite [typically unordered|
set.

Dummy coding Given a categorical random variable with K categories, encode it using K — 1 dummy
variables.

=
=
=
(=)

\V]

I
—~ o~ o~

S =

—= O

o <o

o O
S— S~— N N

2.3 Classification and discriminant analysis
We quickly summarize our discussion of regression so far. The intuition behind regression is to minimize
the risk
R(f):=E[Y - f(X)P],
and that this perspective is completely model-free (i.e., we assume nothing about the joint distribution

(X,Y) ~ Pxy). We showed that the minimizing f is f*(z) := E[Y | X = z]|. Because we cannot observe
R(f), we instead consider the empirical risk

R() = - W - O

i=1

However, minimizing empirical risk leads to overfitting. To combat this issue, we regularize by considering
linear models f(X) = BT X. This gives the OLS 8 = (XTX)71XTY; we also showed that this solution
can be derived from a model-based perspective (the Gaussian noise model). This approach fails with high-
dimensional data, so we consider ridge, bridge, and lasso, as well as elastic-net. We discussed how to move
from from linear to nonlinear models, parametric to nonparametric models, and numerical to categorical
data.

Definition 2.8. Classification is regression with a categorical response variable Y = {1, —1}.

The goal of classification is still the same as in general regression; we want to find a mapping h such
that Y and h(X) are “close” to each other. Unlike general regression however, here we may assume that the
range of h is {1, —1}.

We may use the L? loss as before, but in classification it is equivalent to 0-1 loss up to a scalar multiple.

L(h) = [IY = h(X)[3 = 4- L{Y # h(X)}.

We will only use 0-1 loss for classification.
The risk function is again defined by

R(h) :=E[L(h)] = E[1{Y # h(X)}] = P(Y # h(X)).
Definition 2.9. The Bayes classification rule is defined by
h* = argmin R(h).
h

The Bayes risk is R* := R(h*).
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Theorem 2.10 (Bayes classification rule). The risk-minimizing function is

h*(x) 1 ]P’(Yzl\X:m)>%,
) =
—1 otherwise.

Proof.
R(h) =P(Y # h(X))
— 1 - (Y = h(X))
=1- > PY =yh(X)=y)

:1_y iglble[l{Yzy,h(X) = y}]

:1_y 2151 Ex[E[{Y =y} - 1{A(X) =y} | X]]
—1_ yegl}EX[l{h(X) = y}E[{Y =y} | X]]
= 1_y {Z }Ex[l{h(X) = yP(Y =y | X)]

ye{l,—-1}

- /(1{;1(@ COPY = 1] X = 2) + 1{h(z) = —1}P(Y = —1| X = 2)) - p(x) dz

We want to maximize the integrand, so we want

1 PY=1|X= PY=-1|X=
o) (V=1 X =2)>B(Y =-1| X =),
—1 otherwise.

Noting that P(Y =1| X =)+ P(Y = —1 | X = z) = 1 finishes the proof. O

Recall that the function that minimized the L? risk in general regression is E[Y | X = x| (Theorem 2.1).
In the classification setting, this function takes the form

EY |X=2]=P(Y=1|X=2)-P(Y =-1|X =2)
=P(Y =1|X=ux)—1.

So,
signE[Y | X = 2] = h(x),

. 1 t>0,
sign(t) := 1 i<o

where we define

This result is intuitive. Without the restriction to the class of functions whose range is {—1, 1}, the risk-
minimizing function would be E[Y | X = z]. The “closest” function in the restricted class is the one that
matches the sign of E[Y | X = z].

Definition 2.11. Let r(z) :=P(Y = 1| X = x). We define the decision boundary by
D(r) :={x:r(z)=1/2}.
The empirical risk is defined by
~ 1 &
R(h) = > 1{Yi # h(X;)}.

i=1
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Again, minimizing empirical risk leads to overfitting, since any function that is correct on the observed data
will minimize empirical risk, regardless of how it behaves on unobserved inputs.

As before, we turn to regularization to deal with this issue. We impose the restriction that h is of the
form h(X) = sign(8" X).

n
B =argmin Y 1{Y; # sign(8' X,)}.
|
Unfortunately, this optimization problem is hard to compute, since the indicator function is nonconvex! This
is in contrast to the OLS from earlier where we were even able to have a closed-form solution.

We leave the risk-based approach for the moment and consider the model-based approach. How do we
model r(z) :==P(Y = 1| X = x)? We consider logistic modeling. The logistic function is defined by
g(t) == ﬁ This is a “smooth” version of the sign function (see Figure 4). Given a function f : R — R,
we consider the model where

1
Pi(Y =1|X=2z):= 1T 7@
which consequently implies
1
P/(Y=-1|X=2x)= T3 i@
We can combine these two expressions into the following form.
Pi(Y=y|X=2)= _
Y =yl _I)_1+e—yf(x)'
y
X
° o s
Figure 4: Plot of Tle—t

Other possible models include inverse tangent, cdf of normal, etc. However, these examples still suffer
from nonconvexity. The logistic model has “won” in popularity due to its convexity which leads to low
computational complexity.

Restricting the type of functions f allows for different types of logistic models.

Example 2.12 (Linear logistic regression).

f(x) = Bo+ B«
1

Example 2.13 (Nonparametric logistic regression). Let f(x) be “smooth”, e.g. [(f”)? < oc.

However, note that choosing a class of functions f does not yet fully define the joint distribution of X
and Y. The statistical model of logistic regression is

{p(y7l') = PJ‘(Y =Y ‘ X = l’)px((t) : f7pX}a

where px is the marginal density of X, and Py(Y =y | X =) := leﬂx) The px is called a “nuisance
parameter” because it is needed to make the model valid, but we do not want to infer it at all. The f is the
“parameter of interest” because it is the parameter we want to infer.
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Given the random samples {(X;,Y;)}" ,, we compute the MLE under this statistical model.

L(f) = ]]Ps(¥i| Xi)px(Xy)
=1

1
L(f) = H mPX(Xi)
i=1

(f) ==Y log(1+e X))+ 3 “log px (X))
=1 =1

f= argmax £(f) = argminZlog(l + e~ Yif (X))
f i=1

This motivates the definition of the following new loss function, which we call logistic loss, induced by
the logistic model.

ELogistiC(y, f(x)) == log(1 + e—yf(ac))_

48T

3.2T

24T

0.8T

0 -7.5 -5 -2.5 0 25 5 7.5 1

Figure 5: Plot of log(1 + e~ %/(®)) vs. y - f(2)

The quantity y - f(x) is called the functional margin, and we want it to be large to incur less loss, i.e.,
we encourage Y; and f(X;) to have the same sign. Alternatively, consider
1
1+ e—f(Xi)

= f(z:).

PYi =1]X; =)

1
= OBy, = 1| X, =)

This also captures the idea that we want f(X;) and Y; to have the same sign. Note that the logistic loss not
only encourages Y; f(X;) to be positive, but also to be far away from zero.

To handle high-dimensional data, the ridge, bridge, lasso, and elastic net regressions are still applicable
and effective. For instance, the ridge estimator for linear logistic regression is

BRidee :— argmin Y " log(1+ e Vi) 40|13
i=1
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[Note that Sy still exists above, but we suppress it as an appended component to the X; for ease of notation.]
Even though 37" log(1 + e~ Y8 X)) is not quadratic, it is still convex, so the contours still look similar
to those of ||Y — X 3||2 from the previous section. The other approaches are analogous.

How does this compare to the OLS estimator, which is derived from using L?-1oss? Recall that B\OLS =
argming = > | (V; — 87 X;)%. Because (5°%) Tz is a real number, our estimator is sign((6°%%)"z). Note
however that we can rewrite the definition of BOLS as

N 1 n
OLS : 2 : 2
= — 1-— i i
B argénln ( Y ﬁ X )

i=1

because Y € {1,—1}. Then ;3" X; is the functional margin, and the summand corresponds to a quadratic
loss function #(u) = (1 — u)?. This loss function is small when the functional margin is near 1, but when
the functional margin Y; 3" X; is large, it still incurs a large loss despite being correct. This is a significant
drawback of L? loss.

However, using L? loss not only encourages the functional margin to be away from the negative horizontal
axis (misclassification), but also to be far from the ambiguous zone near zero on the horizontal axis; it
constrains the functional margin to be in a small region, but it is in the correct region. Logistic loss
encourages the functional margin to be large, but does a worse job of keeping it away from the ambiguous
region near zero.

L? loss leads to linear discriminant analysis (LDA), which is powerful. Moreover, using logistic loss might
require more data than L? loss. Neither L? loss or logistic loss is clearly better than the other.

We could also combine the two loss functions by considering considering the truncated quadratic loss
O(u) := (1—u)?1{u < 1}; this is sometimes better and sometimes worse than the previous two loss functions.
In short, the question of whether a loss is good or not depends on the context and various other factors. In
some applications, a certain loss function has been empirically shown to be better than others.

e Text mining: sparse logistic regression
e Image analysis: boosting (exponential loss)
e Genomics : LDA (quadratic loss)

The hinge loss is defined by [z]+ := max(x,0). Then the SVM estimator is defined by

n

ASVM 1 T 2
= — 1-Y,8" " X;]l+ + A .
B arg;nlnn E [ B Xil+ + A8z

=1

There are more involved interpretations of SVM that involve hyperplanes and margins, but from a statistical
perspective, SVM is simply ridge logistic regression with hinge loss.

In boosting we consider the exponential loss e~ Y:/(Xi) | Again, there are more involved interpretations
of boosting, but from a statistical perspective it simply uses a different loss function.

Recall that in the statistical model of logistic regression, we model the distribution of Y | X, but not
of X; this is a discriminative model, and we are unable to generate new data (Y, X) due to our lack of
knowledge of the distribution of X. On the other hand, in generative modeling we model X | Y and Y,
and then use Bayes formula to model Y | X; note that we can generate new data (Y, X) because we model
the joint distribution.

plz|Y =1DPY =1)
@Y =DPY =1)+p(x | Y = —D)P(Y = —1)
P ()
p+(x)n+p-(z)(1 —n)’
where we let py(z) :==p(z |Y =1), p_(z) :=p(x | Y = —1), and n:= P(Y =1).
We need to model P(Y = 1), p(x | Y = 1), and p(z | Y = —1). Clearly Y ~ Ber(n) for some 7 (note,
we let Bernoulli to take on values +1 rather than 1 and 0); this is the only way we can model Y.

PY=1|X =2) =
( | ) =5
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35T

25T

Figure 6: Plots of logistic loss log(1 4+ e~¥/(®)), quadratic loss (1 — yf(z))?, hinge loss [I — yf(x)]+, and
exponential loss e ¥7(*) ys. y - f(x)

We have more freedom in modeling X. In Gaussian discriminant analysis (GDA) we have

XY =1)~N(ps+,24)
X [(Y =-1) ~N(u_,32),

ie.,

pi(x) = (2m) V2[4 |72 exp <_ i u+)T22+1(w - m)

p_(z) = (2n)~¥2|n_| 7% exp (_ (z — Nf)Tiil(w - u))

Note again that we are not assuming the true conditional distributions are Gaussian; we are using a
simplified model for the sake of regularization.

Logistic regression and other discriminative models care only about prediction, and thus only model
Y | X and disregard the marginal distribution of X. Generative modeling involves a belief/philosophy of
how the data was generated. In this sense, discriminative modeling relies on fewer assumptions.

The Bayes Rule under GDA can be rewritten as follows.

P(Y=1|X=2)>P(Y =-1|X =2)

= p+(z)n > p-_(2)(1 —n)
— longr(x) + log " >0
p-(z) 1—n
The first term is
p(x) _ =2 N p) 'S @ — ) (@) TR @ )
PR RRIE 2 2
tog P£(@) _ Ly IEI2 (o - pa) BN — ) (@) TR @ )

PRE IR RITE 2 2

21



If we define the Mahalanobis distances

we have

. D
B (2) = {1 if 292 (z) — 342 () + L log ﬁ +log 1. >0

—1 otherwise

The condition is a quadratic form of z, i.e., it is of the form x" Az + b"x + c. For this reason, GDA is
sometimes called quadratic discriminant analysis (QDA).
Given only the data, how to estimate p4, p—, X4, ¥_, n? MLE.

i=1

n_:i=mn-—ng
- 1
fig 1= — Xi
N+ i:;:l
i = — Xi
iYi=—1
—~ n
7= —
n
~ 1 R R
Y= — (Xs = ) (Xi — i)
" iyim
- 1 ~ R
D= > Xi—a)Xi—a)"
T aYy=—1

Linear discriminant analysis (LDA) is the special case of QDA with the extra condition of a common
covariance matrix: ¥, =X_ = X.

(@—p ) S Mo —p) = (@ —py) S @ — py)
="' STe—2u' S e+ Y . —2TS T+ 2MIE_1$ — MIE_1M+
= —2,uI271:r + ,uiEflu_ + 2;112713: — ,uIEilu_F

So, if we define

Bi=5" (g —p-) (1)
| | n
Bo = §M72 H— — §M+E py +log T (2)

we have

h*(x):{1 if T2+ By >0

—1 otherwise

The decision boundary is linear in x, hence the name “linear discriminant analysis.”
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Let us return to the condition distribution Y | X under the LDA framework.

plz| Y =1DPY =1)
(2| Y==-1PY =-1)4+pz | Y =1)P(Y =1)

PY=1|X =2)=
( | ) =5

1

- p([Y=-1)(1=n)

1+ p(z|Y=1)n
_ 1
- (z]Y=1)

1 + eXp(lOg m — log %)
B 1
- 1 + 6_60+BT-75 ’

This appears to be precisely the conditional distribution in the setting of linear logistic regression. How-
ever in LDA, the 3y and /8 are constrained to take the particular form (see equations (1) and (2)) in terms
of the parameters of the Gaussian distributions, whereas in logistic regression, 5y and § are arbitrary. Thus,
LDA is a special case of linear logistic regression; the assumption of the Gaussian conditional distributions
makes it more regularized than linear logistic regression.

We already know the logistic model corresponds to logistic loss; it turns out that the LDA model corre-
sponds to quadratic loss (difficult topic). If the true model does involve the extra assumption of conditional
Gaussian, then both losses give the right parameters.

This leads us to the question of which technique we should use: logistic regression or LDA? In applica-
tions, we generally use logistic regression. In most applications, if LDA assumption is correct, then logistic
regression works and is usually more efficient than LDA.

In high dimensions (d > n), we use diagonal linear discriminant analysis (DLDA), which is LDA
with the further assumption that the covariance matrix is diagonal.

Note that a Gaussian distribution with a diagonal covariance matrix has contours that are ellipses/ellipsoids
whose axes are parallel to the component axes. In particular, the components are independent of each other,
SO we may

Y ~ Ber(n)
X; | (Y =1) ~ N(py j,07)
X [ (Y ==1) ~ N(u—,07)
Even though independence of the components conditioned on the class Y (this is known as the “Naive

Bayes assumption”) may not actually hold, using dramatically simplified (and wrong) models often still
works well.

d

d
pa |V =1)=[[p; 1Y =1) =]
j=1

Jj=1

ro.— . 2
eXp(— (z; QZ;J) )
J

2mo

<o

The MLEs iy and fi_ are the same as for LDA/QDA. For the covariance matrix, we have

o S +n S
0; = ,
n

where ny := > | 1{¥; = 1} and §+’j = i >ivie1(Xij — Aig;)?, with analogous definitions for n_ and
g
DLDA is a special case of LDA, but is also a special case of a Naive Bayes classifier.
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Definition 2.14. The Naive Bayes classifiers form a family of generative classification methods that
exploit the regularization “X7,..., Xy (components) are conditionally independent given Y,” or more ex-
plicitly,

d
p(ar,-xa | V) =[] oz, | V).
j=1

We describe classification in general under the Naive Bayes assumption. Recall the Bayes classification

rule
1
pwy {1 F@>0
—1 otherwise
where POY = 1| X = 1)
= =z
1 .
f@)=le g Tx =
Then,
PY=1|X=u2)
=1
f@) =l g T x =)
P(Y =1) plz|Y =1)
=1 1
ogP(Yz—l) BT r g ge——
Y =1
= log + Z IJ||Y)) Naive Bayes assumption
=: fBo + Z fj(xj)’
j=1

where we have defined f;(z;) = log %.To compute the MLE, we can consider each component
separately.

e In full QDA we have py, p—, 31, %_, and 7, so total number of parameters is d+d+=5— d(dﬂ) +a2 d(‘”l) +1 =

dld+1)+2d+1.
e In LDA, we have p4, u—, ¥, and 7, so total number of parameters is @ +2d + 1.
e In DLDA, same as LDA, but ¥ is diagonal, so the number of parameters is 3d + 1.

e In DQDA (two diagonal covariance matrices), the number of parameters is 4d + 1.
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3 Generalized linear models

Generalized linear models give a systematic view of regression and classification. We have seen a few
types of regression already, like Gaussian linear regression and logistic regression.
These models can be decomposed into the following components

1. Stochastic component.
2. Systematic component
3. Link function

We first state the components for Gaussian linear regression and logistic regression in order to motivate
the generalization.

Gaussian linear regression Logistic regression
Model Y; =BT Xi +¢ei, ei ~ N(0,07) P(Y;=1|X;) = ﬁ
Stochastic component | Y; | X; NN(/Li,O'Q) where p; := ﬁTXi Y | Xi ~ Ber(u;), where u; := E[Y; | Xj]
Systematic component 7 1= BTXi ni = 5TXi
Link function 1; = g(us), with g the identity 1 = g(ps), with what g7

The link function ¢ for logistic regression is derived as follows.

pi = E[Y; | X;]

pi =PYi =1]X;) —P(Yi = -1 X;)
o 1

By e ~ Tyem
_el—1

Hi = Ttem

L + Miem —eli — 1
(L= p)e” =1+ p;

1 i
77¢=10g7+u
1=y

1+t

t) = log ——
g(t) =log :—

This g is known as the logit function.

Remark: why not set n; := e=B"Xi in logistic regression? We could model it this way, but when we try
to use inference, we will run into computational issues (non-convexity causes intractability etc.)

Note that the link function links the systematic component (which is the input with possibly a transfor-
mation) to the mean of the stochastic component (the expected response of the input).

Generalized linear models (GLMs) are an extension of the three-component modeling scenario above.

1. We allow the stochastic components to follow any distribution, not just Gaussian or Bernoulli.
2. We allow the link functions to be more general, not just identity or logit.

3. We allow n; = f(z;) where f is more general, not just 8 x;.

In practice,

1. Stochastic component: exponential dispersion family.

2. Link function: canonical link.

3. Systematic component: general.
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Definition 3.1. The exponential dispersion family (EDF) contains any univariate distribution whose
density takes the form
Oy — A(0)>

Po.(y) = h-(y) eXP< -

The parameter 6 is the canonical parameter, 7 is the dispersion parameter. The function A(f) is the
normalization function and may depend on 7. The function h.(y) is called the base measure and must
be free of 6.

In the Gaussian distribution, 7 is the variance, which is some sense the reasoning behind the term
“dispersion.”

The exponential dispersion family is more general than the exponential family.

The exponential dispersion family is in some sense the largest family of distributions for which any
computation involving inference is tractable. In the past, people tried larger families of distributions, but
ran into issues with non-convexity making problems intractable.

Example 3.2 (Gaussian distribution belongs to the EDF).

(y — p)?

p(?/)Z\/;T7 < 202>

1 < y2+u2—2yu>
= —exp| ———F7——"—

202
2
= ! e_zyTz? exp Lj_%
V2mo? o?

I S <_92> exp<9y_TA(9)> 0= 1, A(9) = 02/2,7 = o

2T 2T

he (y)
Example 3.3 (Bernoulli distribution belongs to the EDF). P(Y =1) =gand P(Y = -1) =1 —gq.

1—y

ply) =g (1—q) >
y/2
-4

1—g¢q

= exr><(;10g 1 E q>y + %log(q(l - q)))-

We let 6 := 1 log ﬁ, which implies

q
1fq:eze
g = — g
629
1= Ty

Thus,

A(B) = 4 los(a(1 ~ )

11 e20 1
2 B\ 1T e2 T1e2

1
= i(log(l + €2%) +log(1 + e~ 29)).

Letting 7 := 1 and h,(y) := 1 gives the EDF form.
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Example 3.4 (Poisson distribution belongs to the EDF).

1 1
—e M\ = o exp(—A + ylog \).

ply) = m

This is clear with 6 :=log A, A(6) := €%, 7:= 1, and h,(y) := 1/y!.

Most familiar distributions are in the EDF with the exception of the uniform distribution.

We call 6 the canonical parameter but call 7 the natural parameter. The exponential dispersion family
requires a special link function called the canonical link function which is necessary to lead to convex
optimization in inference.

Canonical link principle: we always use the link function

n=g(n) = (A) 7" ().
For instance, in the Gaussian distribution, A(f) = £6%, so A'(6) = 6, and finally g(u) = (A") "' (1) = p,

as seen in the beginning of the section.
In the Bernoulli distribution,

A(6) = %(1og(1 +¢%) +log(1 + %))

A/(e)_} 2629 N _26—29
C2\1+4e2 142
e20 —1
Al =2 "2
0) = S
_629—1 . »
N—W mverting
H620+M2629_1
Ltp 2
I—p
1 1+p
1

This is almost the same as the link function considered at the beginning; the factor of 1/2 is inconsequential.
In the Poisson distribution, A(f) = A’() = €%, so g(u) = log .
Again, the reason for choosing the canonical link instead of an arbitrary link function is to ensure
tractability: we want to avoid non-convex optimization problems.
Note that we only need to involve p (mean of distribution) in link function.
The goal of canonical link theory is to have g(u) be the canonical parameter 6.

0=n=g(u)

The following theorem shows that we achieve this goal if we take g(u) := (A")~(p).

Theorem 3.5. If Y follows a distribution p(y) = h,(y) exp(ey_A(a)) from the EDF, we have

w:=E[Y] = A0).

Consequently, (A")~1(p) = 6.
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Proof.

1:/ (y) dy

p
1= /hr(y) exp(ay_A(e)) dy

T

1 — o~ AW)/r / ho ()%™ dy

A(6) = 7105 [ s ()™ dy
J hT(y)%eGy/T dy
" Tyt dy

[ he ()L™ dy
=T cAB)/7

= [unetw) exp(

—E[Y]

A(0) =

Oy — A(@)) i

Leibniz rule or Fubini’s theorem

To fit the GLM, maximize the log-likelihood log [T, P(Y; = y; | X; = 2;); to predict, report p;

g (mi).
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4 Exploratory analysis (unsupervised learning)

4.1 Graphical models

In this section we introduce Gaussian graphical models. Note that these are different from “Bayesian
network” graphical models that appear in other literature.

Let X1,...,X,, ~ N(u,¥) be ii.d. random variables, with 4 € R? and ¥ € R¥?. We aim to find a
sparse estimate for © := X!, called the precision matrix.

Given Xi,...,Xgand AC{l,...,d}, welet Xa :={X;:j€ A} and X\ 4 :={X;:j ¢ A}.

Definition 4.1. Let A,B C [1,...,d]. We say X4 and X are independent if for any realizations x4 and
xp, we have p(za,z5) = p(xa) - p(zp). We denote this X4 I Xp.

We say X 4 and Xp are conditionally independent given X if for any realizations x 4, x5, and z¢,
then p(za,2p | xc) = p(xa | zo) - p(xp | c). In some sense, X “explains” the dependency between X4
and Xp.

Independent random variables need not always be conditionally independent: if X and Y are independent,
they are not independent given Z := X + Y.

Conditionally independent random variables need not be independent either: let X, Y7, Y5 be independent.
Then X + Y7 and X + Y5 are conditionally independent given X, but are not independent.

If we have the influences A — B — C, then A ) B, but A1l C' | B.

Conditional independence relationships help represent joint distributions more efficiently. For instance,
if X1,..., Xy are all binary random variables, we need 2¢ — 1 numbers to store the joint distribution. If we
know that there are conditional independence relationships, we can factorize the joint distribution and use
less space to store it.

Theorem 4.2.
Gj’k =0 < XjJ_l_Xk | X\{j,k}-

Proof. We want to show that ©12 = 0 = X7 Xo | X\f1,2)- It suffices to show the factorization
p(x1,22 | 23,. .., 2q) = p(a1 | x3,...,2q)p(22 | T3,...,24). Without loss of generality we assume p = 0.

P(xlwu,xd):( )d/2|@|1/2exp< xT@x)

d d
1 1 .
p(r) oc exp *i@l,ﬂf - 592,21’3 - E O jx125 — E O kr22) — f(O)k, 25,2133 < j <k <d) |,
Jj=3 k=3

where the function f contains the remaining terms in the expansion of 2" ©z, which will cancel out in the
calculation below because they are free of x; and z,. Note that we used the fact that ©; 5 = 0.

p(l’l,l‘Ql.’Eg,...,fL‘d)
_ penma)
ffp(xl,...,xd)dxldxg

d
exp(*%@Lﬂ% @2 23:2 ZJ 3617]171:0] Zk:3 @2,k12$k)
d
ffeXp(—%@l,lx% @2 2332 ZJ 3@1 jT1T; — Zk:s @2,k332$k) dxy dzsy
d
exp(—l@l 177 - 92 273 — Z] 301,217 — 34302 k$296k)
fexp(—f@1 127 — Z] -3 @13931%) dxy - fexp(—fG)g 213 — Zk 3 @23962%) dxs

This gives the desired factorization.
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In Homework 3 a proof for both directions is outlined; we sketch the argument here. Again we assume
without loss of generality that u = 0. Letting A := {1, 2}, we can partition ¥ into

> _ Yaa  Xase
YAcA Dacac|

It turns out that
Xa | Xae ~ N(0,5 44 — DancX 4o Saca).

From the fact that X© = I, we have 62114 =YA4— EAACE;}ACEACA, 50 X4 | Xae ~ N(0, @;}4). Using the
fact that the components of a multivariate Gaussian are independent if and only if their covariance is zero,
we easily have ©; 5 = 0 if and only if X7 Il X5 | X\ (1,9} O

We construct a graphical representation of ©. Let G := (V, F) with V:={1,...,d} and ECV x V. We
place an edge (j, k) € E (where j # k) whenever ©;; # 0. This is called graphical model learning or graph
estimation.

Estimating the precision matrix: maximum penalized likelihood estimation (MPLE).

o) = g O e 50 076G - )

We already know 1=+ 3" | X;.

L,(0) := a )d/2|@|”/2 exp( ;2()@- - X)TO(X; —X)>
li 0(X, - X)+ 10g|®\ _nd log(2)
2 & 2

n 1 & =T —
=C+ 5 log|6)| - 5Z(}Q-X) O(X; — X)

i=1

n 1 ¢ - b
= C+ logle] - ; 3 T (X - X)TO(X; — X))

i=1

n 1< _
=C+ 5 logl0] - 5 d (O - X)(X; - X))

i=1
Zn: V(X — X)T>

i=1

S|

:C’+glog\®| —ZTr(G)

—C+ g1og\@| - gTr(@Sn).

Note that the sample covariance matrix .S, is the sufficient statistic for ©. We impose sparsity by imposing
a constraint on ©.

é = argmax@(@) s.t. ||®||1 = Z‘GJ‘JC' <L
o -
7,k
(:) = argmaxg(@) - )‘||®||1
]

= argmin Tr(0©S,,) — log|®| + \||O||,
5

This optimization problem is called the graphical lasso.

We now define the graph induced by © and discuss how it represents conditional independence relation-
ships. Let G be a graph with vertices {1,...,d}, and let there be an [undirected] edge between distinct
vertices ¢ and j if and only if ©; ; # 0.

Let A, B,C C V. We say C separates A and B (denoted A L B | C) if removing C separates A and B
(no path between A and B after removing C'). This turns out to be equivalent to X4 1l Xp | Xc.
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Graph theory ‘ Probability theory
G=WV,E;V=I[d |p1,... za)
separation A L B | C | conditional independence X4 Il Xp | X¢

Separation and conditional independence are connected by the Markov properties
Definition 4.3 (Pairwise Markov Property).
Xj AL Xy | X\{j,k} <— (], k‘) ¢ E.

For the Gaussian model we have defined, Theorem 4.2 and the definition of the graph immediately imply
that the Gaussian model has the pairwise Markov property.

Definition 4.4 (Global Markov Property). For A, B,C C V = [d],
Xal Xp|Xe <= ALB|C.

Clearly, the global Markov property implies the pairwise Markov property, but surprisingly, the converse
often holds.

Theorem 4.5 (Lauritzen, 1996). If p(z) > 0, then the pairwise Markov property is equivalent to the global
Markov property.

This theorem is proved by induction on the number of nodes d.

4.2 Clustering, mixture models, and latent variable models

Clustering is a classification problem but with hidden/unobserved/latent class labels. Our goal is to
recover the latent class labels.

Example 4.6 (Mixture of two Gaussians). Let Z equal 1 with probability n and 2 otherwise. Let X | (Z =
1) ~N(u1,1) and X | (Z =2) ~ N (u2,1). We observe only the observed random samples X7, ..., X,,, and
not the latent variables Z1,..., Z,.

Given Xq,...,X,,, we aim to infer n, p1, and pe, and Z1,...,7Z,. We would also like to compute the
probability P(Z; =1 | X1,..., X,,), the probability that X; is sampled from distribution 1. [Note that if the
Z; are observed, we can do Gaussian discriminant analysis as before, but here the Z; are unobserved.]

For the mixture of two Gaussians, the parameter is 6 := (1, 1, 2) " and the model is the family of
distributions of the form

po@) = po(w, Z=35) = po(a | Z = §)P(Z = j) = npu, () + (1 = n)pp, (2),
j=1 i=1

for all n € [0, 1], 1, u2 € R Here, 7 is called the mixing coefficient.
The above example is a type of mixture model.

Definition 4.7. A mixture model has a density that is a convex combination of a set of component densi-
ties. It is finite if there are finitely many components and infinite if there are infinitely many components.

We continue with the mixture of two Gaussians before moving to general mixture models.
The log-likelihood does not involve the Z; because they are unobserved. The following is the marginal
log-likelihood; this is contrast to the complete log-likelihood which replaces py(x;) with pg(x;, 2;).

KM(H) = Z log po(x;)

= Z log(npu, (z:) + (1 = n)pp, (%))

i=1
= Zlog <17 1 e*(%‘*#l)g/? +(1—=n) 1 6($i#2)2/2>
= V2 ous
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However, this function is non-convex and difficult to maximize using previous approaches. What alternatives
do we have? Guess and check is a simple method. Gradient ascent is better (but requires several trials to
attempt to avoid local optima). In applications, we typically use the EM algorithm.

Remark: the EM algorithm is not theoretically better than guess and check or gradient ascent, but in
practice it is better. Moreover, it relies on the structure of the log-likelihood and the statistical model;
although unlike the other two methods, the EM algorithm cannot be used to maximize general functions, it
does utilize the structure of the log-likelihood much better.

We provide the intuition of the EM algorithm in two equivalent forms.

e Block coordinate ascent. Suppose we want to solve max, , f(z,y). Initialize y1) randomly. For
t=1,2,..., perform the following updates repeatedly until convergence.

21 argmax f(% y(t))

yt (1) )

+ argmax f(x
Yy

By the monotone convergence theorem, convergence is guaranteed if f is bounded from above. Note

however this only guarantees convergence to a local maximum and not necessarily to the global maxi-

mum.

e Minorization-maximization strategy. Let f be a function we want to maximize. Initialize z(1),
find a function ¢; that is easy to maximize and everywhere less than or equal to f. Let z(?) be the
maximizer of ¢, and continue.

We now provide the rough intuition behind the EM algorithm for the mixture of two Gaussians.
Part 1. If Zy,..., Z, are known, how do we update 87 Then this is simply classification; use MLE with
the complete likelihood. Let nq := Y1 1{Z; = 1} and ny :=n — n;.

°(0) = Z log po (X5, Zi)
i=1

= Y llogpe(X; | Zi = V)Py(Z; = )]+ Y [logpe(Xi | Zi = 2)Py(Z; = 2)]

i Z;=1 02, =2
= > log(npu, (Xi) + Y log((1 = n)py, (X:))
1:Z;=1 ©:4;=2
= nylogn + nelog(l — Z log p, (X Z log pp, (X
:Z;=1 1:4;=2
GEC(H) _m
877 n -

2

orc (o a 1
— 241
8#1 ; O ( o8 \/ﬂ>
1{Z’L - 1} ,ufl)

=1

= —nip + Z 1{Z, = 1}X;

=1

Setting the partial derivatives to zero gives

—~ ny ln
=== H{Z, =1
n n n;{z }

YL Yz =X Yz, =11X;

e n T YL z=1
g = i HZi=23X; YL 1{Zi =2}X;
n2 Z?:l 1{Z, =2}
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Part 2. If we are only given 6, how can we update Z1,...,Z,? An obstacle is that the Z;,..., 7, are
random variables, not fixed quantities like parameters. Instead, we could seek something like P(Z; = 1 |
X1,...,Xpn) or E[Z; | X1,...,X,]. Note that if we know the probability distribution we can compute the
expectation, but the reverse is only possible in the case when Z; takes on two values. In the EM algorithm
we seek the probability distribution, not the expectation.’

Po(Zi =1 Xy,....,Xn) =Pp(Z; = 1] Xi)
_ Puy (Xi | Zi = V)P (Z; = 1)
P (Xi | Zi = )Py (Zi = 1) + puo (X | Zi = 2)Py(Z; = 2)
_ NP py (Xi)
NPy (Xi) + (1 = m)ppy (X5)
ne*(wi*#1)2/2
77@—(%'—#1)2/2 +(1— 7’])6_(”1'_“2)2/2
(1— n)e—(zi—m)z/?
?76_(””1_“1)2/2 + (1 — 77)6_(11—#2)2/2

Po(Zi =2 | X1,...,X,) =

So, we have found P(Z; =1 | X1,...,X,,) =E[1{Z;, = 1} | X1,..., X,].

Part 3. If we only know the value of P(Z; = 1 | Xy,...,X,) = E[1{Z; =1} | X4,...,X,], how do we
update 87 If we make a choice of Z; (either by choosing the more likely outcome or by sampling) and repeat
Part 1, convergence of the whole algorithm is unfortunately not guaranteed. Instead, we take the results of
Part 1, and replace all the indicator random variables with expectations. [We will justify this later.]

:%Z 1{Z =1} | X1,..., Xn]

~ Z: [l{Z':1}|X1,...,Xn]X7;
MU= S R Z = 1) | X1, X
~ Y EM{Zi =1} | Xy, X)X
P2 N R Z = 1) | X1, X

Example 4.8 (Complete EM algorithm for mixture of two Gaussians). Initialize 6" := (n), M(11)7 uél))
Fort=1,2,...,

e E step.
(t) )
n'p w(X;)
WD =P (Zi = 1| X1y, X)) = &
o( )( | 1, ; ) 77(”%5” (Xl) 4 (1 _ n(t))pug) (Xz)
PGV =195
e M step.
77(t+1) — i - (tl—&-l)
=1
n (t+1)
(t+1) i1 Via X
H1 = 427‘1 } 7(t+1)
n t+1
(t+1) > ic1 ’Yi(,z )Xi
2 T n t+1
Zi:fﬁ(,Q )

5Why is the EM algorithm called “expectation maximization” then? It may be because P(Z; = 1| X1,..., Xp) = E[1{Z; =
1} | X1,...,Xn]. It may also be because we maximize the expected complete log likelihood, as we will see later.
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Repeat until convergence of the marginal log-likelihood.

Example 4.9 (Mixture of K Gaussians). Let Z ~ Multi(no,...,nx-1), i.e.,, P(Z = j) = n; for j =
0,...,K —1 where n; > 0 and Zfz_()lnj =1

We will also extend to multivariate Gaussian distributions with unknown covariance. X | (Z = j) ~
Na(pj, %5)-

Note that taking K = 2 will give exactly the same algorithm as the previous example.

Let

0 .= (7707”-,77K—17/1J07---7,UJK—17207--~7EK—1)-
Initialize 0. For t =1,2,3. ..,

e Estep. Foralll1 <i<nand 0<j <K —1, define
nj(t)p @ 5o (Xi)
Ze 0 77; (t)’gy)(Xi)

N Py (Zi = | X1,y. ., X)) =

1,3

e M step. Foreach j =0,..., K —1

1) _ L~ ()
ngooT gz%,j
=1
(t+1
M(Hrl) L Z? 17 7 )X

J T n 1
>ic1 'Yi(tj+ )
n t+1 t+1 t+1
S+ DY )(XZ‘—NE‘( )))(X — )T
7 n t+1
Dict i,

Repeat until convergence of the marginal log-likelihood.

Formal derivation of the EM algorithm (minorization-maximization perspective). We want
to maximize (M (¢)). We initialize 1/(*). We find a “lower bound” function Fy() that satisfies

L4 FO S gM’
o Fo(y ) =M(y).

Let M) = argmax,, [p(¢). Define Fy in a similar way, repeat.
Our goal is, given random samples X7, ..., X,,, to fit a finite mixture model where Z ~ Multi(no, ..., nx—1)
and X | (Z = j) ~ po,-

o
AETMN

po; (2 ) =J)-

We want to infer ¢ := (09,70,01,71,---,0x_1,Mx-1)" and Zi,...,Z, by maximizing the marginal log-

likelihood N
= logpy(Xi)
i=1

For j =0,..., K — 1 we will define

Vi =Py(Zi =j | Xi). (3)
Note that ZJ o %, = 1, and moreover, for each fixed i, the vector (vi,...,7,k—1) is a distribution for
Z;.
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Theorem 4.10 (Jensen’s inequality).
log E[X] > E[log X].

For intuition, it is easy to see from a plot of the log function that log 1422 > log(wl);log(“), due to the

concavity of the log function.

35 4 45

-0.5T

244 ~, log(2)+log(4)
2

Figure 7: log =5= >

Given the current parameter 1)), we want to find a lower bound function Fj(¢) such that
o F, <™
o Fy(p®) = M(yp®),

K

The following holds for any v := {{7¢7j}?:1}j:?)1 satisfying v; ; > 0 and Zf:_ol vi,; = 1, so in particular
it holds for v; ; as defined in (3).

M) = logpy(X;)
1=1

n K-—1
= log| > pu(Xi, Zi = j)
i=1 j=0

py(Xi, Z; = j)
i=1 3=0 g
- X, Z;
= logEy, {W()] “let” Z;i ~ Mult(yi0, .., %iK—1)
i=1 Vi
n
X, Z; . .
> ZEZ log ZM Jensen’s inequality
i=1 ' Vg
n K-—1 .
py(Xi, Zi =3
=3 % e
i=1 j=0 Vi
= Q(7,7)
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Thus, Q(v,%) is a lower bound for ¢*, for any ¢ and any v satisfying v; ; > 0 and Z] 0 vij =1L
In general, Q(v,v) is easy to maximize, especially for distributions from the exponential family.

We define Fy(¢) := Q(v**+1 ), where 'y(tJr ) = = Py (Zi = j | X;). Note that we have shown that
F; < M, but we have not yet shown that the choice of y(*t1) gives Fy (")) = ¢M(3p(1)),

n K-1 .
Py (Xi, Zi = j)
=3 Y Py (Zi= | Xi)log g
== wo (Zi =3 | Xi)
n K-1
= Z Z Py (Zi = j | Xi)log pyeo (X5)
=1 j=0

n K-1
= Zlogp¢(1> Z Py (Zi =j | Xi)
=1 7=0

= Z 10gp¢(t) (X
=1
= M@yW).

In particular, our definition of 7(t+1) =Py (Zi=1j | X;) is precisely argmax., Q(%qp(t)).

This yields the block coordinate ascent interpretation of the EM algorithm. Initialize (). For ¢t =
1,2,...,

e E step.
YD = argmax Q(v, ") = Py (Z; = j | Xu).
Y

e M step.
W+ = argmax Qv ).
P

The minorization-maximization perspective is similar.

e E step.
Y = argmax Q(v, ¥ V) = Py (Zi = j | X,).
gl
We define Fy(¢) := Q(v**t1), %), and note that we have shown that F; < (M and that Fy(®)) =
PO,
e M step.

¢(t+1) := argmax F; ().
P

Theorem 4.11. Under the finite mizture model py(z) = Z;{:_Ol n; - po,(x) (see above), at the t™ iteration
of the EM algorithm (where we know v® ) we do the following.

e E step. Compute 'yl-(?r ) = =P, (Zi =31 X;).
e M step. Set
@) _ LN~
L
i=1
9(t+1 = argmaxZ'yz ]H) log pe, (X;)
J i=1
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[Note that py, (X;) == py(Xi | Z = j).]
Note that the M step is simply maximizing the expected complete log-likelihood.

Proof. The E step is clear from the above derivation. For the M step,

K-1 .
zn: (t+1) ) pw(Xu Zi = j)
Vi (t+1)
i=1 j=0 ,J
We can optimize the 6; separately.
1 1 )
9§t+ )= argmavangr )logpgj’nj (X:, Zi =)
i =1
1 .
= argHmaXZ%(ff Nog pa, (Xi | Zi = j) -
J i=1
= argmaxZ'y( 1) logpg (X: | Zi =)
= argmaXZ’y logpg (Xi). definition
For n,
n K-1
+1),  Py(Xi | Zi = j)n
F(4) = Z 'Yi(,j Vlog = (t+11) -,
i=1 j=0 i,
SO
n K+1 K—1
Y = argmax Z Z %(t;rl logn; subject to Z nj = 1.
n0;-- 7]K1i1j0 ’ =0
The Lagrangian form is
n K-1
1
7 logm; —af —1+ Y
i=1 j=0 j=

Taking the derivative w.r.t. n; and setting it equal to zero gives

1 n
o = = 7(Z+1)7
5=
and this holds for all j. Noting that
K-1 TR
(t+1) _
EESW WL

j=0 7=0 i=1

<.

we have

n

1 (t+1)
=7 Doy

i=1
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Finally, we would like to show that the EM algorithm converges.

Theorem 4.12. Let (V)2 be the sequence generated by the EM algorithm. Then

4M(¢(t)) < gM(w(H»l))

Proof.
gM(i/J(t)) = Ft(¢(t)) def. of F}
< Fy(pth) YD = argmax Fy(v)
W
< MDY, def. of F,

O

Corollary 4.13 (Convergence of the EM algorithm). When the marginal likelihood (M is bounded from
above, then the EM algorithm converges.

Proof. This is immediate from the previous theorem and the monotone convergence theorem. O

Example 4.14 (EM algorithm for the mixture of K Gaussians).

Z ~ Multi(no, ..., nKx—1)
X[ (Z=7)~N(us, %)

Want to infer 6 := {no, ..., K1, 40y« -+ bE—15 205 -+ -y DK —1)-
Initialize (%),
e E step.

n(t)p“;t) 72515) (Xi)

K-—1
=0 n(t)puif,)jy) (X,)

Ny =P (Zi = | Xi) =

%]

e M step.

1) _ L ()
T >
=1

n (t+1)
M(t+1) . Dict Vij i
J t+1
E?:1 ’Yi(,j )

n 1 1 1
s+ 2z i X — )G - )T
g T ST

i=1Ti,j

4.3 K-means algorithm

Definition 4.15. The K-means algorithm is the limiting procedure by applying the EM algorithm on
a sequence of mixtures of K isotropic (spherical) Gaussians which become degenerate (variance shrinks to
7€ero).

An isotropic (spherical) Gaussian distribution is a Gaussian distribution whose covariance matrix is
of the form o21,.
Let

Z ~ Multi(no, ey 77[(,1)
X |(Z=j)~N(p,oI).
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Note that not only is each conditional distribution isotropic, but also all the conditional distributions have
the same covariance matrix o21.

Taking 02 — 0 will make the mixture of Gaussians tend to K point masses (degenerate).

For the “E step” of the K-means algorithm,

" exp< IX; N;Hz)

Ze ; WGXP(M)
K-—1 -
1 X5 — w53 = 11X — el
(X e =

Yij = LI Xs — p;ll3 < |Xi — el for every € # j},

(t+1)
2V

Taking 02 — 0 gives

i.e., let v; j be 1 if and only if y; is the closest cluster center to X;. [In the unlikely case where there is more
than one index that give the smallest 2-norm, then just randomly pick one.] Then, P(Z; = j | X;) is either
0 or 1, so we can just “set” the value of Z; at this step. This is a “hard” assignment of Z in contrast to the

“soft” assignment in the EM algorithm, where the condition distribution is more general.
(t) (t)

So, we define ; ; := 1{Z; = j}. Note that to do the E-step, the only information we need is p1¢ ", ..., iy’
We do not need n[()t), e ,nﬁ? L or o2

For the “M step” of the K-means algorithm, the updating rule is the same as the EM algorithm, but
only needed for pg, ..., g—1.

LD i YiiXi _ Y HZi = j}X;
! Di1 Vi i WZi = j}

The formal description of the K-means algorithm is as follows. Initialize uéo)w..,,u(KO)il. For t =
0,1,2,3...,

e E step. Fori=1,...,nand 7=0,..., K — 1, set

A= 1{||XG — |12 < 11X — el for every £ # 5}

i,
e M step. For j=0,...,K — 1, set

pHD D1 Vi Xi
/ Z?:l Vi,

Repeat until convergence. [We have not yet proved that this converges.]

H K-means ‘ EM
Model mixture of K isotropic Gaussians | mixture of K Gaussians
limiting operation (mysterious)
Initialization || randomly initialize pg,...,pux—1 | Initialize po,..., px—1 using K-means.

For the n; and X;, assign points to closest p;
take sample proportion and sample covariance

We have just described the model-based derivation of the K-means algorithm. It is not clear from the
limiting formulation that this is guaranteed to converge. We now present the risk-based perspective, which
is equivalent to the model-based perspective, and from which we can prove convergence.

The goal is to choose K cluster centers to minimize

R(,LLO’"'ﬂ,u'K—l) ::7ZO< K- 1”‘X u]”%
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This objective function is very natural: given cluster centers, we assign each point to the closest cluster center
and its “badness” is the sum of the squared distances to the corresponding cluster centers. The minimum
makes this optimization problem NP-hard.

Note that this corresponds to the population risk

pp— ] P A2
Rlpooooiac—1) =E|_min_[1X; = sgl3

The following is an equivalent form of the K-means optimization.

2

e Kl}n§jn ~ iz, |3
i=1,...,n
Ho>- 7#1(

Introducing the extra parameters Z; allows us to use block coordinate ascent. Let this objective function
be F(Z, ) where Z = (Zy,...,Zy,) and p = (po, ..., ux—1). We show that the risk-based perspective is
equivalent to the model-based perspective.

Initialize uéo), e ,Mg) Fort=20,1,2,...

o E step. If we have ;¢ and want to update Z, then let Z; be such that pz, is the closest cluster center

to X;. Foralli=1,...,n

Z;Hl) ;= argmin || X; — M§'t)||§

0<j<K-1

e M step. If we have Z and want to update p, then just let ;; be the center of the points X; that
belong to cluster Z;. For j =0,..., K —1,

M(_t+1) L Z?:l 1{Zi(t+1) = J}XZ
= - —.
! Y1z = 5}

Theorem 4.16. The K-mean algorithm converges.

Proof. It is easy to show that the objective function 1 3" ||| X; — iz, |3 is nonincreasing with each E step
and M step. Since it is bounded from below by zero the monotone convergence theorem implies that it
converges. O

4.4 Extensions

Example 4.17 (Hidden Markov model).

Z; ~ Ber(n)
P(Zy =37 | Zx—1=10) =0, Markov chain
Can compute MLE using EM.
Example 4.18 (Factor model).
Z ~ N0, I)
X | Z~N(p+AZ ) 1 is diagonal

This is an infinite mixture model because Z is continuous. Still can find MLE using EM.
Example 4.19 (Principal Component Analysis (PCA)).

Z ~N(0,1I)
X | Z~Nu+AZo1,)

Taking 02 — 0, the MLE from EM is PCA.
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